We give a geometric description of the obstruction to the existence of comoments in multisymplectic geometry. We apply this description to determine the existence of comoments for multisymplectic compact group actions on spheres and provide explicit constructions for some of these comoments. (2010): 53D05, 53D20, 54H15, 57S15, 57S25, 22C05, 22F30, 37K05.
Introduction
Multisymplectic structures (also called "n-plectic") are a rather straightforward generalization of symplectic ones where closed non-degenerate (n + 1)-forms replace 2-forms.
Historically, the interest in multisymplectic manifolds, i.e. smooth manifolds equipped with an n-plectic structure, has been motivated by the need of understanding the geometrical foundations of first-order classical field theories. The key point is that, just as one can associate a symplectic manifold to an ordinary classical mechanical system (e.g. a single point-like particle constrained to some manifold), it is possible to associate a multisymplectic manifold to any classical field system (e.g. a continuous medium like a filament or a fluid). It is important to stress that mechanical systems are not the only source of inspiration for instances of this class of structures. For example, any oriented n-dimensional manifold can be considered (n − 1)-plectic when equipped with a volume form and semisimple Lie groups have a natural interpretation as 2-plectic manifolds.
As proposed by Rogers in [Rog12] (see also [Zam12] ), this generalization can be expanded by introducing a higher analogue of the Poisson algebra of smooth functions (also known as "observable algebra") to the multisymplectic case. Namely, Rogers proved the algebraic structure encoding the observables on a multisymplectic manifold is the one of a L ∞ -algebra, that is, a graded vector space endowed with skew-symmetric multilinear brackets satisfying the Jacobi identity up to coherent homotopies.
The latter concept allowed for a natural extension of the notion of moment map, called (homotopy) comoment map, originally defined in [CFRZ16] , associated to an infinitesimal action of a Lie group on a manifold preserving the multisymplectic form. As this concept is particularly subtle and technical, at the moment there are only few meaningful examples worked out in full detail. We can cite, for instance, [CFRZ16] for a broad account and [MS18] regarding the comoment pertaining to volume-preserving diffeomorphisms acting on oriented Riemannian manifolds.
In this work, we try to address this problem by giving new insights on multisymplectic actions of compact groups and thus deriving existence results and explicit constructions for comoment maps related to actions on spheres.
Main results: Our first result is a new and more geometric interpretation of the obstruction class to the existence of a comoment, originally found in [FLGZ15, RW15] .
Theorem A. Let ϑ : G×M → M be a compact Lie group acting on a (pre-)multisymplectic manifold, preserving the (pre-)multisymplectic form ω. A comoment exists if and only if [ϑ * ω − π * ω] = 0 ∈ H n+1 (G × M ) where π is the projection onto the second factor.
This theorem, which we shall prove in Section 1, can be used to recover many interesting results in the multisymplectic and symplectic literature. As in the statement of the theorem, we assume the Lie groups involved to be compact.
• Let G i act on the multisymplectic manifolds (M i , ω i ) for i ∈ {1, 2}. If there exist comoments for G 1 and G 2 , then there exists a comoment for G 1 × G 2 on the multisymplectic manifold (M 1 × M 2 , π * 1 ω 1 ∧ π * 2 ω 2 ). This result was originally proven in [SZ16] and can be derived from Theorem A.
• For symplectic manifolds, our theorem gives a nice interpretation for the result of [AB84] that moment maps are in correspondence to equivariant extensions of ω. In Example 1.29 we show that this correspondence does not generalize to the multisymplectic setting by providing a multisymplectic manifold which admits comoments, but none of them come from equivariant cohomology cocycles. We refer to Section 7.5 of [CFRZ16] for individual comoments not coming from equivariant cohomology classes.
Using general cohomological considerations we will be able to prove the following:
Theorem B. Let G be a compact Lie group acting multisymplectically and effectively on the n-dimensional sphere S n equipped with the standard volume form, then the action admits a comoment if and only if n is even or the action is not transitive.
we shall prove the theorem for the non-transitive case in Section 2 and the transitive case in Section 3. In addition to proving the abstract theorem, we will give explicit constructions for important classes of group actions and highlight interesting phenomena.
Interesting particular cases for Theorem B
• The action of SO(n) on S n is not transitive, hence it admits a comoment for all n. We shall give an explicit construction for such a comoment in Subsection 2.2 that extends the construction given in [CFRZ16] only up to the 5-dimensional sphere.
• The action of SO(n+1) on S n only admits a comoment for even n. For the cases where such a comoment exist, giving explicit formulas seems to be a non-trivial task. We give explicit formulas for the first two components f 1 and f 2 in terms of the standard basis of so(n) in Subsection 3.1, leaving an explicit description of the higher components as an open question. The core idea will be to focus on the particular cohomology of the acting group rather than working on the analytical problem of finding the primitives required for the construction of the components of a comoment.
• For SO(4) acting on S 3 no comoment exists. However, this problem can be fixed by centrally extending the Lie algebra so(n) to a suitable L ∞ algebra (cfr. [CFRZ16, MZ19] ).
Conventions:
Given any co-chain complex C = (C • , d) we denote by Z k (C) = ker(d (k) ) the subgroup of cocycles and by B k (C) = d C k−1 the subgroup of co-boundaries. In the case of chain complexes we employ the same notation with lowered indices.
We denote with ∂ : Λ • g → Λ •−1 g the boundary operator of the Chevalley-Eilenberg complex of a Lie algebra g, which is defined on homogeneous elements by the following equation:
whereˆdenotes deletion as usual and with ∂ 0 = 0, for all ξ i ∈ g. Dually, we define the Chevalley-Eilenberg differential as δ CE : Λ n (g * ) → Λ n+1 (g * ) whose action on an element φ ∈ Λ • g * is given by
We consider the contraction operator ι to be defined on multi-vector fields. Specifically, the contraction with the wedge product of k vector fields ξ i is given as follows
Comoments on multisymplectic manifolds
For fixed degree k of the form such manifolds are also called "(k−1)-plectic".
Example 1.2 (Symplectic manifolds). A symplectic manifold is, by definition, a 1-plectic manifold.
Example 1.3 (Oriented manifolds). Any n-dimensional manifold equipped with a volume form is an (n−1)-plectic manifold.
Example 1.4 (Multicontangent bundles). Consider a smooth manifold N , the corresponding Multicotangent bundle Λ = ∧ n T * N is naturally n-plectic. In fact, Λ can be endowed with a canonical multisymplectic (n + 1)-form ω := dθ obtained from a tautological potential n-form θ ∈ Ω n (Λ) given by:
where π : Λ → N is the bundle projection and T π : T Λ → T N is the corresponding tangent map. This construction is the "higher analogue" of the canonical symplectic structure naturally defined on any cotangent bundle. Note, however, that this is not yet the "higher analogue" of a phase space, see [RW19] or [GIMM98] for further details.
Exactly as it happens in symplectic geometry, fixing a (pre-)n-plectic structure ω on M provides a criterion for identifying special classes of vector fields and differential forms. We will make use of the following nomenclature: Definition 1.5. A vector field X ∈ X(M ) is called multisymplectic if it preserves the premultisymplectic form ω, i.e. L X ω = dι X ω = 0. If ι X ω is also exact, the vector field is called Hamiltonian. Accordingly, we define the subspace of Hamiltonian forms as follows
When ω is non-degenerate, the Hamiltonian vector field v α associated to a fixed Hamiltonian form α is unique.
Generalizing the construction of a Lie bracket on the observables (i.e. smooth functions, i.e. differential forms of degree zero) on a symplectic manifold, we can construct a family of (multi)-brackets on Hamiltonian forms simply contracting ω with their corresponding Hamiltonian vector fields. These brackets satisfy the Jacobi identity (and its higher analogues) up to total divergences, hence giving rise to a Lie algebra structure up to homotopy, i.e. an L ∞ -algebra.
Definition 1.6 ([Rog12], cf. also [BFLS98] ). The L ∞ -algebra of observables L ∞ (M, ω) of the (pre)-n-plectic manifold (M, ω) consists of a chain complex L •
which is a truncation of the de-Rham complex with inverted grading, endowed with n (skew-symmetric) multibrackets (2 ≤ k ≤ n + 1)
where v σ k is any Hamiltonian vector field associated to σ k ∈ Ω n−1 Ham and ς(k) := −(−1)
is the Koszul sign.
Lemma 1.7. The L ∞ -algebra of observables L ∞ (M, ω) is a L ∞ -algebra.
Proof. We refer to [Rog12] and [Ryv16] for the definition of a L ∞ -algebra and the proof.
When one fixes a form ω on a manifold M it is natural to highlight the group actions preserving this extra structure, also known as "symmetries". Definition 1.8. A right action ϑ of a Lie group G on M is called multisymplectic if preserves the multisymplectic form, i.e. ϑ * g ω = ω for all g ∈ G, where ϑ g = ϑ(·, g). We call (infinitesimal) multisymplectic Lie algebra action of g on M a Lie algebra homo- is multisymplectic. Note that, when considering left actions, the corresponding infinitesimal action is a Lie algebra anti-homomorphism.
Let us now focus on the non degenerate, i.e. multisymplectic, case. In this context it is possible to define a higher analogue of the comoment map well-known in symplectic geometry:
Definition 1.10 ([CFRZ16]). Let v : g → X(M ) be a multisymplectic Lie algebra action. A homotopy comoment map (or comoment for short) pertaing to v is a L ∞ -morphism
A comoment for a Lie group action φ : M × G → M is defined as a comoment of its corresponding infinitesimal action.
More conceptually, a comoment is a L ∞ -morphism (f ) : g → L ∞ (M, ω) lifting the action v : g → X(M ), i.e. making the following diagram commute in the L ∞ -algebras category:
where π is the trivial L ∞ extension 1 of the function mapping any Hamiltonian form to the unique corresponding Hamiltonian vector field. In the following we will make use of an explicit version of this definition which is expressed by the following lemma: Lemma 1.11. A comoment (f ) for the infinitesimal multisymplectic action of g on M is given explicitly by a sequence of linear maps
fulfilling a set of equations:
together with the condition f 0 = f n+1 = 0 for all p ∈ Λ k (g) and k = 1, . . . n + 1. Here ∂ is the Chevalley-Eilenberg boundery operator defined in equation (1).
is the adjoint action of g on ∧ k g which, on decomposable elements, is given by the formula
Cohomological obstructions to comoment maps
Consider an infinitesimal action of g on the pre-n-plectic manifold (M, ω) preserving the form ω. As shown in [FLGZ15, RW15] a comoment for this action can be interpreted as a primitive of a certain cocycle in a cochain complex. We will briefly review their constructions for a more clear and self-contained exposition.
Definition 1.13. The bi-complex naturally associated to the action of g on M is defined by
where d denotes the de Rham differential and δ CE : Λ k g * → Λ k+1 g * the Lie algebra cohomology differential, defined on generators by
The corresponding total complex is given by
where, according to the Koszul sign convention, d tot acts on an element of
Theorem 1.14 (Proposition 2.5 in [FLGZ15] , Lemma 3.3 in [RW15] ). Let (M, ω) be a pre-n-plectic manifold and v : g → X(M ) be an infinitesimal multisymplectic action. The primitives of the natural cocycleω
where
are in one-to-one correspondence with comoments of v. In particular, a comoment exists if and only if [ω] = 0 ∈ H n+1 (C • g , d tot ). Proof. Being linear maps, the components f k can be regarded as elements of a vector space
The last equation is obtained multiplying Equation (3) by the sign factor ς(k − 1) and noting that ς(k − 1)ς(k) = (−1) k . Upon considering the direct sum of these vectors
equation (6) can be recast as:
where ι k g is the operator defined above. Note that we are implicitly using the Koszul convention, therefore the action of id ⊗ d on a homogeneous element
which is exactly the condition off being a primitive ofω. It follows from Lemma A.1 that d totω = 0 for all actions preserving ω, therefore the vanishing of the cohomology class [ω] ∈ H n+1 (C • g ) is a necessary and sufficient condition for the existence of a comoment for the infinitesimal action of g on M .
Remark 1.15. By the Künneth theorem, the cohomology H
, we will give a geometric interpretation to this fact in the next section.
Remark 1.16. It is customary in part of the literature (see for example [CFRZ16] , [MS18] , [MZ19] ) to consider, as a cohomological obstruction to the existence of a comoment for v : g → X(M, ω), the following co-cycle in the Chevalley-Eilenberg complex of g
g must be a boundary, hence the vanishing of [c g p ] is a necessary condition for the existence of a comoment. Moreover, it follows from Remark 1.15 that when
is also a sufficient condition for the existence of a comoment.
A geometric interpretation of the obstruction class
In symplectic geometry the existence of a comoment implies that ω can be extended to a cocycle in equivariant de Rham cohomology ([AB84]). We will illustrate this fact by giving a geometric interpretation to the obstruction class [ω] from the above section and explain its analogue in the multisymplectic setting.
When the Lie algebra action v comes from a Lie group action, we can interpret the complex C • g and the cocycleω in terms of the de Rham cohomology of invariant forms. 
Proof. We have a natural map
The first arrow comes from the isomorphism ∧ k g * → Ω k (G, r), which associates to any element of Λ k g * = Λ k T * e G its right-invariant extension. The second arrow comes from the exterior wedge product i.e. from the map
where π i are the projections on the i-th factor of G × M . Regarding the complexes involved as graded vector spaces, the previous map can be extended to a graded skew-symmetric map in degree 0
where the extra signs comes from the Koszul convention we employed in definition 1.13 when defining the derivative in a total complex. The natural map admits an inverse which
The statement follows from the observation that
and that the second arrow defined above is precisely the function inducing the Künneth isomorphism [BT82] .
Proposition 1.20. [Proposition 6.4 in [CFRZ16] ] Assume that G preserves a pre-multisymplectic form ω. Let v be the infinitesimal action induced by G. Then the cocyclẽ
Proof. Being an action, the map ϑ : G× M → M is equivariant (with respect to r × id in the domain and ϑ in the target). Hence, the cochain-map ϑ * :
and in particular we have a well-defined map in cohomology. Let X 1 , ..., X n+1−i ∈ T p M and ξ 1 , ..., ξ i ∈ T e G = g. For all 1 < i ≤ n + 1 we get
This means ϑ * ω = −ω +1⊗ω , where the first summand is the image ofω under the map defined in equation (9) and the last summand comes from the case i = 0. The observation that 1 ⊗ ω = π * ω, for π : G × M → M the natural projection, finishes the proof. One should note, that this is true although π is not an equivariant map with respect to (r × id, ϑ).
Remark 1.21. This description immediately implies that a ϑ-invariant potential of ω induces a comoment, as an invariant potential α of ω would be mapped to a potential (ϑ * α − π * α) ∈ Ω(G × M, r × id) ofω = ϑ * ω − π * ω. Note that ω being exact is not a sufficient condition, because a primitive ϑ * α − π * α need not to be an element in the invariant co-chain complex Ω(G × M, r × id) in general. In this case, it is fairly easy to give an explicit expression for the components of a comoment, as illustrated by the following Lemma: 
Proof. A direct proof of this statement can be given by showing that equation (3) is satisfied. Upon employing Lemma A.1, we have: where x = (x i ) are the standard coordinates on R n and dx 1...n = dx 1 ∧ · · · ∧ dx n is the standard volume form of R n , admits a comoment given by (k = 1, . . . , n):
Proof. The proof follows from Lemma 1.22 noting that the standard volume form admits the G = SO(n) invariant form α = ι E dx 1...n n as a primitive.
We will be primarily interested in the case of compact Lie groups. In this case, we do not have to care about the invariance of forms:
Theorem 1.24. Let ϑ : G×M → M be a compact Lie group acting on a pre-multisymplectic manifold, preserving the pre-multisymplectic form ω. A comoment exists if and only if
Proof. From Proposition 1.20 we get the following sequence of maps between complexes together with the induced maps in cohomology:
The statement follows by resorting to Remark 1.18, i.e. noting that H dR (G) ∼ = H(G, r) and H dR (G × M ) ∼ = H(G × M, r × id) via the averaging trick on compact Lie groups.
We will now investigate the connection between comoments and equivariant cohomology. Remark 1.26. As EG might not be a manifold, we have to interpret H • (·) as a suituable cohomology theory (e.g. singular cohomology with real coefficients) in the above definition.
As G is compact, when ϑ : G × M → M is a free action, we have H • G (M ) = H • dR (M/G). For a not necessarily free action ϑ, we still have the following diagram
where q is the projection to the orbits, which induces a sequence in cohomology (where we use the contractibility of EG in the left and middle term):
Using Remark 1.18 and Lemma 1.20 we get the following statement: Remark 1.28. A generalization of this statement to non-compact groups is possible, but less intuitive. For some work in this direction we refer to section 7.5 in [CFRZ16] .
Unfortunately, unlike the symplectic case (cf. [AB84] ), the converse statement does not hold in general. Even if a (pre-)multisymplectic action of G on (M, ω) admits a comoment,
[ω] does not need to come from an equivariant cocycle. We will illustrate this fact by an example.
Example 1.29. Consider the action given by the Hopf fibration ϑ : S 1 × S 3 → S 3 . Let ω be the standard volume on S 3 . By Remark 1.15 the obstructions to a comoment lie in H 1 (u(1)) ⊗ H 2 (S 3 ), H 2 (u(1)) ⊗ H 1 (S 3 ) and H 3 (u(1)) ⊗ H 0 (S 3 ), which are trivial. Hence, a comoment exists. As the action is free (and the quotient is S 2 ), we have H 3
, so the class [ω] cannot come from an equivariant cocycle.
Remark 1.30. We note that this example has a different character than the ones provided in Section 7.5 of [CFRZ16] . They exhibit cases, where individual comoments do not come from equivariant cocycles, whereas in our case no equivariant cocycle can be found for any of the possible comoments.
Intransitive multisymplectic group actions on spheres
The goal of this section is to prove the existence of comoments for non-transitive actions and construct an explicit comoment for the SO(n)-action on S n . Lemma 2.1. Let ϑ : G × S n → S n be a compact Lie group acting multisymplectically on S n equipped with the standard volume form ω ∈ Ω n (S n ). Let p ∈ S n be any point. Then a comoment exists if and only if ϑ * p [ω] ∈ H n (G) is zero, where ϑ p : G → S n is the map g → gp.
Proof. By Theorem 1.24, we only have to check that
The direct implication follows by considering the map i : G → G × S n , g → (g, p) and its induced linear map in cohomology i * :
because ϑ • i = ϑ p and π • i is the constant map valued in p ∈ S n . For the converse implication, note at first that the cohomology of the sphere implies
Therefore, recalling Proposition 1.20, the obstruction [ϑ * ω − π * ω] lies entirely in H n (G) ⊗ H 0 (S n ) as [ω] has null component in H 0 (G) ⊗ H n (S n ). Since the restriction of i * to H n (G) ⊗ H 0 (S n ) is an isomorphism (the 0-th cohomology group of a connected manifold is isomorphic to R), one can conclude that [ϑ * ω − π * ω] vanishes if and only if
Remark 2.2. Observe that a result similar to Lemma 2.1 can be stated for any compact multisymplectic action G (M, ω), with ω in degree n+1, such that the following cohomological condition holds
In particular, the same result is true for the action of any compact,connected and semisimple Lie group G (i.e. such that H 1 (g) = H 2 (g) = 0) acting on a 2-plectic manifold. See [CFRZ16, Proposition 7.1] for an existence result for comoments related to this kind of actions in presence of a fixed point.
Proposition 2.3. Let G be a compact Lie group acting non-transitively on S n and preserving the standard volume form. Then G admits a comoment.
Proof. If G acts non-transitively then there exists an orbit O ⊂ S n of dimension strictly less than n. Let p ∈ O. Then we have ϑ *
is zero due to dimension reasons. Hence, the action admits a comoment, due to Lemma 2.1.
Induced comoments and isotropy subgroups
In this subsection we will show that comoments behave well under restriction to subgroups and invariant submanifolds. They will be useful for constructing an SO(n)-comoment for S n in the next subsection. Let G be a Lie group with Lie algebra g, acting on a pre-nplectic manifold (M, ω) with comoment map (f ) : g → L ∞ (M, ω). One can obtain new actions either restricting to a Lie subgroup of G or restricting to an invariant submanifold of (M, ω). 
Also, we can produce a new comoment by considering a different multisymplectic form obtained contracting ω with cycles in Lie algebra homology
(10)
Proposition 2.6 (Proposition 3.8 in [RWZ18] ). Let p ∈ Z k (g), for some k ≥ 1, denote by G p the corresponding isotropy group for the adjoint action of G on Λ k g, and by g p = {x ∈ g : [x, p] = 0} its Lie algebra. If G 0 p is the connected component of the identity in G p , then the action G 0
Remark 2.7. In the context of multisymplectic geometry and "weak comoments" (cf. [Her18] ) and "multimoments" (cf. [MS12] ), the subspace Z k (g) is often referred to as "the Lie kernel". 
which, in general, may differ from the one given in Proposition 2.6.
Provided certain conditions are met, it is possible to induce a comoment on an invariant submanifold of M even if the obvious pullback vanishes (e.g. when ω is a top dimensional form). In what follows we will make use of the following corollary subsuming the contents of the previous propositions:
Corollary 2.9. Let G (M, ω) a multisymplectic group action. If there exists:
• another multisymplectic manifold (N, η) containing M as a G-invariant embedding j : M ֒→ N ;
• a Lie group H ⊃ G containing G as a Lie subgroup;
• a multisymplectic action H (N, η) with equivariant comoment s : h → L ∞ (N, η);
• an element p ∈ Z k (h) in the Lie kernel of h such that G ⊂ H p and ω = j * ι p η; then the action G (M, ω) admits an equivariant comoment given by (i = 1, . . . , n − k):
Proof. Starting from the given comoment (s) it is possible to construct another comoment (s p ) resorting to proposition 2.8. The sought comoment descends from (s p ) via the consecutive application of propositions 2.4 and 2.5 together with the observation that if the starting comoment (s) is equivariant then the induced maps are such.
The action of SO(n) on S n
The goal of this section is to give an explicit construction for the comoment of the action SO(n) S n by resorting to Corollary 2.9.
In what follows, we will consider the standard SO(n + 1)-invariant embedding j : S n → R n+1 of S n as the sphere with unit radius and consider the linear action of the group SO(n) on R n+1 as the subgroup of special orthogonal linear transformations fixing the axis x 0 . In R n+1 we consider the standard coordinates x = (x 0 , . . . , x n ) and the corresponding volume form dx 0...n = dx 0 ∧ · · · ∧ dx n . Furthermore, we will make use of the following notation r = (x 1 ) 2 + . . .
Recall that the volume form on the unit sphere embedded in R n+1 is given by
where E is the Euler vector field. E can be seen as the fundamental vector field of the action
of R on the Euclidean space via dilations, that is the linear action generated by the identity
Let us call H = SO(n) × R the subgroup of GL(n, R n+1 ) generated by
Lemma 2.10. The differential form
is multisymplectic on N = (R n+1 \ {0}), invariant under the action H N and restricts to the standard volume form on the unit sphere.
Proof. Multisymplecticity follows from the closure and non degeneracy of dx 0...n together with the property that Θ never vanishes. The form is clearly SO(n)-invariant because Θ depends only on R. The H-invariance follows from the invariance along the Euler vector field:
Finally, η restricts to the volume form on S n because j * Θ = 1.
The function Θ ∈ C ∞ (R n+1 \{0}) is precisely the scaling factor that makes the Euclidean volume invariant with respect to the extended group SO(n + 1) × R. The problem to find explicitly a comoment:
can be solved by exhibiting a H-invariant primitive of the rescaled volume η and then resorting to Lemma 1.22.
Lemma 2.11. The differential (n+1)-form η admits a H-invariant potential n-form:
whereφ ∈ C ∞ (R n+1 \ 0) depends only on the cylindrical coordinates (x 0 , r) and it is given byφ
n+1 2
x 0 (n + 1) − r arctan x 0 r r = 0 (n + 1) 1
Proof. Let us start from the following ansatz
for a potential n-form of the scaled volume η as defined 2.10. At this point, ϕ is an arbitrary smooth function depending only on the cylindrical parameters (x 0 , r). Being x 0 ∂ 0 the fundamental vector field of ζ = 1 0 0 0 n ∈ gl(n + 1, R),
because the (n + 1)-form ϕ η depends only on (x 0 , r), i.e. β is SO(n) invariant. On the other hand, one has:
Therefore, in order that β is G−invariant primitive of ω, the following conditions on ϕ have to be met:
The general solution of this system reads:
ϕ(x 0 , r) = − r x 0 arctan x 0 r (n + 1) + n + 2 which is a smooth function defined on x ∈ R n+1 |x 0 = 0, r = 0 . Recalling that lim y→0 arctan(y) y = 1 lim y→∞ arctan(y) y = 0 , one can see that the limits to all the critical points of ϕ, except (x 0 , r) = (0, 0), are finite. Hence, considering the unique smooth extensionφ ∈ C ∞ (R n+1 \ {0}) of ϕ, given explicitly by equation (11), we conclude that β = (x 0φ ) dx 1 ∧ · · · ∧ dx n is the sought H-invariant primitive.
Proposition 2.12. A comoment for the action SO(n) (S n , ω), for n ≥ 2, is given by
where β is the primitive given in Lemma 2.11.
Proof. The statement follows directly from Corollary 2.9 upon considering
and noting that an explicit comoment for the H-action is given by Lemma 1.22 via employment of the primitive constructed in Lemma 2.11.
Remark 2.13. Proposition 2.12 extends to spheres of arbitrary dimension a similar result given in [CFRZ16, Paragraph 8.3 .2] up to dimension 5.
Transitive multisymplectic group actions on spheres
The goal of this section is to prove the following theorem:
Theorem 3.1. Let G be a compact Lie group acting multisymplectically, transitively and effectively on S n equipped with the standard volume form, then the action admits a comoment if and only if n is even.
Proof of Theorem 3.1. The effective transitive compact connected group actions on spheres have been classified [MS43, Bor50, Bor49] , for an overview of the results cf. [Bes08] . Essentially, one has the following list, where G/H = S n means that G acts transitively on S n with isotropy H.
• SO(n)/SO(n − 1) = S n−1
• SU (n)/SU (n − 1) = U (n)/U (n − 1) = S 2n−1
• Sp(n)Sp(1)/Sp(n − 1)Sp(1) = Sp(n)U (1)/Sp(n − 1)U (1) = Sp(n)/Sp(n − 1) = S 4n−1
• Spin(7)/G 2 = S 7
• Spin(9)/Spin(7) = S 15 .
From Propostion 2.4 we know that if G admits a comoment andG ⊂ G is a subgroup, theñ G admits a comoment. Thus it will suffice to prove the following statements:
1. The action of SU (n) on S 2n−1 does not admit a comoment. As SU (n) ⊂ U (n) ⊂ SO(2n), from this we will automatically get the statements, that U (n) and SO(2n) do not admit a comoment when acting on S 2n−1 . Moreover, as SU (4) ⊂ Spin(7), this implies that Spin(7) does not admit a comoment, when acting on S 7 .
2. The action of Sp(n) on S 4n−1 does not admit a comoment. Hence, neither Sp(n)U (1) nor Sp(n)Sp(1) do.
3. Spin(9) does not admit a comoment, when acting on S 15 . 4. SO(2n + 1) has a comoment when acting on S 2n . As G 2 ⊂ SO(7), this implies that G 2 admits a comoment when acting on S 6 .
Hence, we can prove the theorem by using Lemma 2.1, after proving the following Proposition 3.2 and Proposition 3.3.
Proposition 3.2. Let ω n be the volume of S n and N the north pole.
• Let ϑ N :
For the first two cases we refer to the calculations in the proof of [Hat02, Corollary 4D.3], where it is shown that the generator of the sphere is turned into a generator of SU (n) (resp. Sp(n)) via pullback (in our case via ϑ N ). For the third case we can proceed analogously: The fiber bundle Spin(7) → Spin(9) → S 15 has a 14-connected base, so the pair (Spin(9), Spin (7)) is 14-connected and the maps H i (Spin(9)) → H i (Spin (7)) are isomorphisms for i ≤ 13. As H • (Spin (7)) is generated by (wedges of) elements in these degrees, this implies that the Leray-Hirsch-theorem [Hat02, Theorem 4D.1] can be applied. This means that ϑ * N [ω 15 ] is a generator and thus nonzero in H 15 (Spin(9) ).
In the case of SO(2n + 1) the Leray-Hirsch theorem can not be applied, as SO(2n) has a class in degree 2n − 1 which does not come from any class in SO(2n + 1), (cf. e.g. [Hat02, Theorem 3D.4] or Appendix A.2). However, we have the following: Proposition 3.3. Let ω 2n be the volume of S 2n and N the north pole. Let ϑ N : SO(2n + 1) → S 2n . Then ϑ * N [ω 2n ] = 0. Proof. Let i : SO(2n) → SO(2n + 1) be the inclusion. The cohomologies of SO(2n + 1) and SO(2n) are isomorphic up to degree 2n, i.e. i * : H 2n (SO(2n + 1)) → H 2n (SO(2n)) is an isomorphism. The class [i * ϑ * N ω 2n ] is the obstruction against a comoment for the SO(2n)action on S 2n . We know from Proposition 2.1, that this action admits a comoment, i.e.
[i * ϑ * N ω 2n ] = 0 ∈ H 2n (SO(2n)). But as i * is an isomorphism, this implies that [ϑ * N ω 2n ] = 0 ∈ H 2n (SO(2n + 1)).
Explicit comoments for SO(n + 1) on S n
Giving an explicit expression for a comoment of SO(n + 1) S n requires to find iteratively, for k ∈ (1, . . . , n − 1) and for all p ∈ Λ k so(n), a primitive, denoted as f k (p), of the closed differential (n − k)-form
with f 0 = 0 and satisfying the following constraint f n (∂p) = −ς(k + 1)ι vp ω .
As H 0 (S n ) and H n (S n ) are the only non trivial cohomology groups, it is always possible to find primitives of µ k (p). The only thing that could fail, and actually fails when n is odd, is the fulfilment of condition (13). In the latter case, it is however possible to consider an extension of g to a suitable Lie-n algebra and consider Lie-n homotopy comoment map instead of our notion of comoments (See [CFRZ16] or [MZ19] for the explicit case of n = 4).
Instead of dealing with the analytical problem of finding explicit potentials for the form µ k (p), let us translate the problem in a more algebraic fashion focusing on the particular structure of the Chevalley-Eilenberg complex of so(n). In general, it is fairly easy to express the action of a comoment on boundaries:
Lemma 3.4 (Comoments on boundaries). Let v : g → (M, ω) be a multisymplectic infinitesimal action. Proof. It is a straightforward application of Lemma A.1 together with the multisymplecticity of the infinitesimal action:
Remark 3.5. Note that the costraint given by equation (13) is precisely the requirement that action on boundaries of the highest component f n of the comoment (f ) is independent from the choice of F n .
In other words, finding the action of the component f k of comoment (f ) on boundaries is tantamount to finding a function F k : B k (g) → Λ k+1 (g) mapping a boundary p to a specific primitive q. Note that this is nothing more than replacing the problem of finding a potential of an exact differential form to the one of finding a primitive of a boundary in the CE-complex.
It follows from the previous lemma that the k-th component of the comoment is completely determined by its action on boundaries when H k (g) = 0:
Corollary 3.6. Consider a Lie algebra with H k (g) = 0 and fix a choice of representatives F k and F k−1 as before. Then, the function f k : Λ k g → Ω n−k (M ) defined as
)ω satisfies equation (3) for every chain q ∈ Λ k g.
Proof.
Consider a function f k−1 defined through F k−1 according to the previous lemma. For every cycle q ∈ Λ k g we get
where r = (F k−1 (∂q) − q) is closed, hence exact. Again from Lemma A.1 follows that the right hand side it is equal to
An explicit construction of a comoment is generally more delicate in presence of cycles that are not boundaries. Nevertheless, we know from theorem A.7 that the first two homology group of so(n) are trivial, therefore it is easy to give the first two components of the comoment. From the linearity of f k , it is clear that we only need to give its action on the standard basis of the finite-dimensional vector space so(n) defined in appendix, equation (18).
f 1 for any SO(n). Since all 1-chains in the CE complex are automatically cycles, H 1 (so(n)) = 0 implies that all elements of so(n) are boundaries. Formula (19) suggests a natural choice for the function F 1 when acting on elements of the standard basis:
Therefore the first component of the comoment is given by
Example 3.7. In the three-dimensional case, denoting the three generators of so(3) as l x , l y , l z (see appendix), one gets
where ǫ ijk is the Levi-Civita symbol, and
f 2 for any SO(n). In this case there are two subsets of generators of ∧ 2 so(n) to consider:
The first ones are boundaries and a primitive can be given as follows
In the second case, we need to find a primitive of
The last equality suggests the following choice
Finally, one gets
3.2 Explicit comoment for G 2 on (S 6 , φ)
We finish by providing a nice example of comoments for non-volume forms on spheres.
Recall that G 2 is a subgroup of SO(7) acting transitively and multisymplectically on S 6 with the standard volume. Therefore, according to Theorem 3.1, the action G 2 (S 6 , ω) admits a comoment.
This group can be explicitly defined as the subgroup of GL(7, R) preserving the multisymplectic 3-form φ = dx 123 + dx 145 + dx 167 + dx 246 − dx 257 − dx 356 − dx 347 ,
where x = (x i ) are the standard coordinates on R 7 and dx ijk = dx i ∧ dx j ∧ dx k .(See [Ibo01] for further remarks on G 2 -homogeneous multisymplectic forms and [Bry06] for details on the G 2 -manifold S 6 .) Considering the multisymplectic structure j * φ on S 6 , where j is the inclusion of the sphere in R 7 , instead of the standard volume, it is possible to give an explicit comoment for the action of G 2 :
Lemma 3.8. The action G 2 (S 6 , j * φ) admits an equivariant comoment given by (k = 1, 2):
Proof. It follows from Lemma 1.22, noting that ( 1 3 ι E φ) is a G 2 invariant primitive of φ in R 3 .
A Appendix

A.1 Useful formulas in Cartan calculus
We make use of the following formula: Definition A.2. Given a differential form Ω ∈ Ω • (M ) and a multi-vector field Y ∈ Γ(Λ m T M ), the Lie derivative of Ω along Y is defined as the graded commutator
Remark A.3. This definition allows to combine the first and last term in the above formula into a Lie derivative. Hence the formula of Lemma A.1 can be also written as together with expression (4).
A.2 Some technical details about so(n)
Recall that so(n) is the Lie sub-algebra of gl(n, R) consisting of all skew-symmetric square matrices. A basis can be constructed as follows:
where E ab is the matrix with all entries equal to zero and entry (a, b) equal to one. The fundamental vector field of A ab associated to the linear action of SO(n) on R n reads as follows: Using such a basis, the structure constants read as follows:
Lemma A.6.
[A ab , A cd ] =(−1) (b+c+1) δ bc A ad + (−1) (a+d+1) δ ad A bc + (−1) (d+b+1) δ db A ac + (−1) (a+c+1) δ ca A db in particular:
for all k = a, b.
Theorem A.7. The cohomology groups of SO(n) can be described as follows:
where . . . denotes the exterior algebra generated by the elements in the set and subscripts denote degrees, so a i ∈ H i and a ′ 2k+1 ∈ H 2k+1 .
Proof. See section 3D in [Hat02] .
